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Abstract
Viscoelastic properties of woven composite substrates are essential to design dimensionally stable multilayer printed circuit
boards. Unlike most existing numerical work which rely on simpliﬁed constitutive (elastic) and geometrical models, this study
involves a fully three-dimensional viscoelastic model of a plain weave composite with accurate characterization of the woven geometry. Comparisons between numerical predictions and experimental data clearly indicate that the creep compliance of the composite depends not only on the relaxation of the matrix, but also on the time-dependent ﬂexural deformations of the woven fabric
bundles. Predictions of the inhomogeneous deformation ﬁelds over the repeating cell agree with experimental observations.
# 2003 Published by Elsevier Ltd.
Keywords: Woven composites

1. Introduction
Multilayer printed circuit boards (PCB) are used
extensively in electronic packaging assemblies. The
boards, shown schematically in Fig. 1, consist of multiple layers of woven glass/epoxy composite substrate
sandwiched between copper foils. Manufacture of multilayer circuit boards consists of several stages. In the ﬁrst
stage, glass ﬁbers are woven into a plain weave fabric
consisting of two ﬁber bundles in orthogonal directions,
which alternately pass over and under each other. The
bundles that emerge perpendicular to the weaving loom
are called warp bundles while the parallel bundles are
called the ﬁll or weft. A schematic of the plain weave
fabric is shown in Fig. 2. The glass ﬁber fabric is
impregnated with FR-4 epoxy resin to form a B-staged
prepreg and typically one or two B-stage prepreg layers
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are then consolidated between two layers of copper foil
in a hot press to form a C-staged core. The cores go
through a series of etching and screening processes.
Multilayer boards are fabricated by relaminating alternating layers of B-staged prepreg, which act as bonding
sheets, and C-stage cores.
A large number of plain weave fabric styles are currently used in circuit board design. The fabric styles are
often unbalanced, i.e., the warp and ﬁll directions
include diﬀerent numbers of ﬁber bundles or diﬀerent
size ﬁber diameters. Because of the variation in ﬁber
bundle sizes, geometry of the undulating ﬁber bundles is
diﬀerent and depends on the fabric styles. Hence, composite substrates with diﬀerent fabric styles have very
diﬀerent properties. Furthermore, the same fabric style
has diﬀerent properties in the warp and ﬁll directions.
Sottos et al. [1] measured signiﬁcant diﬀerences in the
fabric geometry (bundle size, crimp, etc.), the elastic
moduli, and coeﬃcients of thermal expansion (CTE) in
the warp and ﬁll directions of two common substrates
for multilayer circuit boards. Wu et al. [2] and Yuan
and Falanga [3] characterized the CTE of substrates
below the matrix glass transition temperature (Tg) and
detected higher CTE values in the ﬁll direction. During
relamination, the boards are heated above the matrix
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Fig. 1. Schematic of a multilayer circuit board.

Fig. 2. Schematic of a plain weave fabric.

glass transition temperature for an extended period of
time. At temperatures near the glass transition, viscoelastic processes dominate the matrix response and result
in time-temperature dependence of substrate properties.
Wang et al. [4] generated master relaxation curves for a
109 style composite substrate and reported diﬀerent
relaxation responses in the warp and ﬁll directions.
Shrotriya and Sottos [5] characterized the fabric architecture and creep compliance of a 7628 style composite
substrate and correlated the diﬀerent material responses
along the warp and ﬁll directions to the diﬀerences in
fabric architecture. Given the large number of diﬀerent
fabric styles used in the circuit board industry and the
strong inﬂuence of weave architecture, further investigation is required to characterize the substrate creep
and relaxation behavior with respect to diﬀerent fabric
styles. Since experimental viscoelastic characterization is
not viable for every fabric style, micro-mechanical
models are essential to predict the substrate properties
from ﬁber, matrix and fabric properties.

A myriad of micro-mechanical models for prediction
of the elastic properties of woven composites have been
reported in the literature. Tan et al. [6] and Kuhn and
Charalambides [7,8] presented an exhaustive literature
survey on elastic micro-mechanical models for woven
composites. In comparison, there are only a few reported micro-mechanical models for viscoelastic response
of woven composites. Govindarajan et al. [9] utilized the
elastic-viscoelastic principle to extend an existing elastic
model [10] for prediction of creep behavior of graphite/
epoxy woven composite. They characterized the creep
compliance of the composite, but were unable to
measure the matrix response directly. Instead, they
determined the matrix response by ﬁtting predictions to
the measured creep compliance.
In related work, Shrotriya and Sottos [5,12] have used
two diﬀerent approaches—elastic viscoelastic correspondence principle and two-dimensional (2-D) ﬁnite
element analysis—to predict the viscoelastic response of
a woven composite from fabric, ﬁber and matrix properties. The analytical models based on the elastic–viscoelastic correspondence principle required minimal
computational eﬀort in order to predict the composite
response, but suﬀered from implicit assumptions about
the boundary conditions and deformation of the composite. The micro-mechanical models predicted an
unrelaxed modulus close to the experimental value but
underpredicted the relaxation of the composite. Comparisons of the model predictions with the experimental
data indicated that the relaxation modulus of the composite is dependent not only on the relaxation of the
matrix but also on ﬂexural deformation of the woven
fabric bundles and boundary conditions of the unit cell.
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Fig. 3. Photomicrograph of 7628 laminate (100). (a) The warp and ﬁll yarns are parallel and perpendicular to the page, respectively. (b) The ﬁll
and warp yarns are parallel and perpendicular to the page, respectively.

In the second approach, plane strain ﬁnite element analysis was utilized to predict the creep compliance of the
composite. The compliance was predicted for two different boundary conditions: traction-free in order to
model the experiments, and symmetric with ﬂat surfaces
as a limiting case of the boundary conditions imposed in
the analytical model. Predictions corresponding to traction-free boundary conditions approximated the general
trends of experimental curves but did not accurately
match the initial unrelaxed compliance, fully relaxed
compliance and retardation spectrum of the compliance
curves.
The current article presents the results of a threedimensional (3-D) ﬁnite element model utilized to predict the viscoelastic response of the woven composite
substrate. Model predictions are compared with experimentally measured response in order to understand the
inﬂuence of interlaced bundle architecture on the composite response. The computed deformation ﬁelds are
also compared with moire images of the unit cell [12,13]
in order to validate the physical basis of modelling
assumptions and elucidate the inﬂuence of ﬂexural
deformation on composite response.
The article begins with a brief discussion of the fabric,
ﬁber bundle and matrix properties used to predict the
constitutive response of the composite. The next three
sections present the development and implementation of
the ﬁnite element model, mesh generation and discussion
on boundary conditions on the composite unit cell. The
article concludes with a discussion of the numerical
results. Creep compliance predictions and unit cell deformation ﬁelds for the woven composite are compared with
reported experimental measurements [5,12,13].

2. Fabric, ﬁber bundles and matrix properties
The composite substrate consists of FR-4 epoxy
matrix reinforced with a plain weave glass fabric. In a
previous work, Shrotriya and Sottos [5] characterized
the fabric architecture and viscoelastic properties of
7628 style composite substrate. Photomicrographs
taken in the warp and ﬁll directions are shown in Fig. 3.

Fig. 4. Schematic of plain weave geometry.

The warp and ﬁll bundles have diﬀerent sizes and crimp
angles, which are described by a, b, d, and h (see Fig. 4
and Table 1). They reported the creep compliances as
well as stress relaxation moduli of the neat FR-4 epoxy
matrix and composite substrate in the warp and ﬁll
directions. They indicated that horizontal shifting of the
creep data obtained at diﬀerent temperatures alone was
adequate to form the master creep compliance curves.
Therefore, following Wang et al. [14], it was assumed
that both the epoxy and composite were thermorheologically simple. In addition, the logarithm of the
shift function for the matrix and the composite substrate in the warp and ﬁll directions had similar behavior and were ﬁt to a bi-linear equation

5757=T þ 19;
T < 393 K;
log10 ½aT ðT Þ ¼
ð1Þ
20661=T þ 57; T > 393 K:
The material properties of FR-4 epoxy and glass ﬁbers
are represented in Tables 2 and 3.
In the current work, the relaxation moduli of the FR-4
epoxy and of a straight, unidirectional ﬁber bundle
(without undulation) are used in the ﬁnite element
Table 1
Measurements of bundle sizes, crimp, and ﬁber volume fractions [12]

Fill
Warp

Aspect
ratio
a/b

Crimp
b/d

Fiber volume
fraction in
bundle

Fiber volume
fraction in
composite

7.26
5.26

0.083
0.053

0.75
0.75

0.19
0.26
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Table 2
Moduli and Poisson’s ratio of FR-4 epoxy and glass ﬁber [5]

FR-4 epoxy
Glass ﬁber

Table 4
Moduli and Poisson’s ratios of a straight ﬁber bundle

Elastic
modulus
E u (GPa)

Equilibrium
modulus
E1 (GPa)

Poisson’s
ratio v

2.9
72.3

0.12
–

0.33
0.22

Table 3
Relaxation times and weight factors for FR-4 epoxy [5]
i

li (min)

Wi

1
2
3
4
5
6
7
8
9
10

5.32
3.61e2
5.39e3
2.53e4
1.91e5
1.46e6
7.70e6
4.25e7
2.16e8
1.93e9

0.0641
0.0759
0.0482
0.0804
0.1307
0.2020
0.1978
0.0936
0.0509
0.0560

model to determine the creep compliances of the woven
composite. The eﬀect of the bundle undulation is not
reﬂected in the bundle properties, but captured by the
geometrical model. The viscoelastic properties of a
straight, transversely isotropic ﬁber bundle are calculated
using the elastic-viscoelastic correspondence principle
and the micro-mechanical relations based on self-consistent ﬁeld method (see Appendix) combining the FR-4
matrix and elastic glass ﬁber properties (Table 2). As
listed in Table 1, the ﬁber volume fraction of the bundle
is 0.75 in the ﬁll and warp directions. The relaxation
times and weight factors of the bundle are found to be
very close to those of the matrix in Table 3, and the shift
functions for the bundle are the same as those of the
epoxy in Eq. (1). The resulting unrelaxed and fully
relaxed material properties for a straight bundle are listed in Table 4.

3. Viscoelastic stress model
3.1. Constitutive equations

E11 (GPa)
E22 (GPa)
G12 (GPa)
G23 (Gpa)
v12

Elastic values

Fully relaxed values

59.1
27.3
7.8
12.4
0.24

58.6
1.8
0.43
0.88
0.24

shows thermorheologically simple behavior and is
strain-free before t=0. (2) can then be written as
ðt
@kl ðt 0 Þ 0
dt ;
ð3Þ
ij ðtÞ ¼ Qijkl ð  0 Þ
@t 0
0
with the reduced times
ðt
¼ aT ðTÞdt 00 ;
0

and 0 deﬁned as
ðt 0
0
¼
aT ðTÞdt 00

ð4Þ

0

The stress relaxation modulus for a thermorheologically simple material is approximated by M Maxwell
elements as


M
X
1
Wi exp 
Eð Þ ¼ E þ E
;
ð5Þ
li
i¼1
where E*=Eu E1 is a material constant, E1 the fully
relaxed modulus (equilibrium modulus), E u the unrelaxed modulus, Wi the weight factors, and li the discrete
relaxation times. This Prony series model provides
computational convenience in temperature–time–superposition integration calculations. In particular, it allows
us to use a recursive formulation to solve the viscoelastic
integral equation, as ﬁrst proposed by Taylor et al. [16]
and described in Section 3.2.2.
3.2. Finite element implementation
3.2.1. Finite element formulation
Expanding on Lin and Yi’s generalized plane-strain
formulation [17], a 3-D ﬁnite element formulation is
developed starting from the variational theorem for linear viscoelastic materials given by Christensen [18]
¼

ðt
@kl ðt 0 Þ 0
ij ðtÞ ¼
Qijkl ðT; t  t 0 Þ
dt ði; j; k; l ¼ 1; 2; 3Þ; ð2Þ
@t 0
1

ð ð t 0 ¼t ð t 00 ¼tt 0
@kl ðt 00 Þ 00 @ "ij ðt 0 Þ 0
Qijkl ðT; t t 0t 00 Þ
dt
dt dV
@t 00
@t 0
v t 0 ¼0 t 00 ¼0
ð6Þ
ð ð t 0 ¼t
@ ui ðt 0 Þ 0

Ttri ðt  t 0 Þ
dt
dS
¼
0:
tr
@t 0
Str t 0 ¼0

where  ij are the stress components, kl the strains, and
Qijkl the relaxation moduli. We assume that the material

In the above equation, we assume the structure to be
strain-free before t=0.

The constitutive equation for an anisotropic linearly
viscoelastic material under isothermal condition is [15],
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We interpolate the time-dependent displacement ﬁeld
u(X, t) and total strain ﬁeld (X,t) using the shape functions N(X) and the nodal displacement vector u(t) as
uðX; tÞ

NðXÞuðtÞ;

ðX; tÞ

BðXÞuðtÞ;

ð7Þ

where B contains partial derivatives of the shape functions
N with respect to X. Substituting (7) into the variational
expression (6), then transforming it to the temperature–
time-superposition domain, and substituting the material model (5), we obtain the ﬁnite element formulation
for the viscoelastic problem

#
ðt "
M
0
X

@uðt 0 Þ 0
K1 þ
Ki exp 
dt ¼ Ftr ðtÞ
ð8Þ
@t 0
li
0
i¼1
where
K

1

ð

T

1

B Q BdV;

¼
V

Ftr ðtÞ ¼

ð

N T Ttr ðtÞdStr :

ð
Ki ¼

BT Wi Q BdV;

ð9Þ

V

ð10Þ

Str

In the above equations, Q1 and Q* correspond to the
element stiﬀness matrices computed by E1 and E*
introduced in Eq. (5), respectively.
Similarly, substitution of the relaxation modulus (5)
into the constitutive Eq. (3) yields the following form of
the stress vector

#
ðt "
M
X
 0
@ðt 0 Þ 0
1
ðtÞ ¼
Q þ
Wi Q exp 
dt :
@t 0
li
0
i¼1
ð11Þ
3.2.2. Recursive scheme
A direct integration of (8) would require enormous
computing time and memory storage owing to the hereditary integrals resulting from the viscoclastic model.
Taylor’s recursive scheme [16] is applied here to overcome these diﬃculties. In this numerical procedure, the
displacement is assumed to be piecewise linear during
each time interval tn14t4tn:
@uðtÞ
@ðtÞ

uðtn Þ  uðtn1 Þ
:
tn  tn1

ð12Þ

Substitution of (12) into (8) yields the following linear
relations in terms of the displacement increment u(tn)
K^ Duðtn Þ ¼ F^ 1 þ F^ 2 ;

ð13Þ

with
K^ ¼ K1 þ

M
X
Ki hi ðtn Þ;
i¼1

ð14Þ

5

"
#
M
X
1
^
gi ðtn Þ ;
F 1 ¼  K uðtn1 Þ þ

ð15Þ

i¼1

F^ 2 ¼ Ftr ðtn Þ;

ð16Þ

where hi(tn) is an internal variable deﬁned as


ð
1 tn
ðtn Þ  0
exp 
hi ð t n Þ ¼
dt 0 ;
Dtn tn1
li

ð17Þ

and gi(tn) is given recursively by


D ðtn Þ  0 
gi ðtn Þ ¼ exp 
gi ðtn1 Þ þKi hi ðtn1 ÞDuðtn1 Þ :
li
ð18Þ
The initial values to be used in the recursive scheme
are
hi ð0Þ ¼ 1;

gi ð0Þ ¼ 0;

Duð0Þ ¼ uð0Þ:

ð19Þ

Applying the same approach as for (1), we obtain a
recursive formulation for the constitutive equation,
ðtn Þ ¼ Q1 ðtn Þ þ

M
M
X
X
Wi Q hi ðtn ÞDðtn Þ þ g0i ðtn Þ; ð20Þ
i¼1

with
g0i ðtn Þ

i¼1




D tn  0
¼ exp 
gi ðtn1 Þ þ Wi Q hi ðtn ÞDðtn1 Þ ;
li
ð21Þ

g0i ð0Þ ¼ 0; Dð0Þ ¼ ð0Þ:

ð22Þ

Once the nodal displacement vector u(tn)=
u(tn1)+u(tn) is obtained, we can calculate the stresses
in each element from (20) to (22) together with the
strain–displacement relation (7).
Various veriﬁcation problems have been carried out
to test the correctness of the ﬁnite element code [19,20].
For 3-D elastic problems, our results match those
obtained by the commercial software ABAQUSTM very
well. For viscoelastic problems, the ﬁnite element solution agrees with the analytical solution obtained using
the elastic-viscoelastic correspondence principle.

4. Mesh generation
The geometry of the plain weave composite can be
completely characterized through consideration of the
smallest representative volume element within a composite laminate, namely, the symmetric unit cell. A 3-D
solid model was developed using MATHEMATICATM
(Wolfram Research, Urbana, IL) to approximate the
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geometry of the unit cell. Following the procedure described by Naik [21], trigonometric functions and geometric
parameters of the 7628 style fabric (shown in Table 1),
were utilized to deﬁne the 3-D undulating surfaces
bounding the interlacing bundles. The bounding surfaces
were determined such that the warp and ﬁll bundles did
not interpenetrate each other. The volume enclosed by the
bounding surfaces was discretized using brick elements.
Fig. 5 shows the ﬁnite element discretization of the unit
cell of 7628 style composite substrate using eight-node
brick elements with 222 integration points.

5. Boundary conditions
The approach for computing the compliance of the
plain weave composite is illustrated in Fig. 6(a). A unit

uniform traction is applied to the lamina. Two adjacent
unit cells are aligned along the loading direction. Symmetry boundary conditions are applied on two sides of
the domain, and all the other surfaces are traction free.
The compliance is then calculated by averaging the
normal strains of half of the nodes on the adjacent surface of the two unit cells (from A to B). As illustrated in
Fig. 6(a), although the surface where the loading is
applied exhibits large variations in displacement due to
the heterogeneity in the woven microstructure, the
deformations on the adjacent surface of the two unit cell
(along line AB) are quite uniform.
In Fig. 6(a), the left surface of the model is set free to
allow the in-plane contraction of the lamina in the
direction perpendicular to the loading. It means that the
compliance determined in this way is actually the value
near the free edge, and may not be exactly the same value

Fig. 5. Finite element discretization of a unit cell of 7628 style composite: (a) without the matrix layer, (b) with the matrix layer.

Fig. 6. Schematic of compliance calculation and the deformed shape of the plain weave lamina when loaded in the warp direction.
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as the compliance of a plane weave lamina. To examine
the edge eﬀect, four unit cells are symmetrically arranged to form a repeating-unit model [Fig. 6(b)]. The
compliance is obtained by averaging the normal strains
of the nodes on the adjacent surface of the unit cells III
and IV [from A to B in Fig. 6(b)]. The elastic compliance of the composite in the warp direction is computed using both the two-unit-cell and four-unit-cell
models. The diﬀerence between the two results is found
to be less than 1% (Table 5).
Mesh convergence is checked by comparing the elastic
compliance of the plain weave composite in the warp
direction obtained using eight- and twenty-node brick
elements. As illustrated in Table 5, convergence has
been achieved.

6. Result discussion

7

In the glassy or unrelaxed regime (102–101 min) of
the creep compliance curves, numerical results are close
to the experimental values, which shows that the ﬁnite
element models are able to predict the predominantly
elastic compliance of the composite fairly accurately.
The 3-D model appears to be better than the 2-D model
in predicting the elastic behavior of the composite
because it captures the interlaced bundle architecture
and varying cross section along the transverse direction.
Both experimental and numerical results clearly indicate
that the composite is softer in the ﬁll direction than in
the warp direction. This anisotropy is due to the higher
bundle crimp and lower ﬁber volume fraction in the
composite in the ﬁll direction (Table 1).
In the transition region, when the bundle response is
assumed to be purely elastic, the predicted creep compliance curves of the composite exhibit almost no
relaxation. For the case of viscoelastic bundle response,

6.1. Creep compliance
To create the master creep compliance curves of the
woven composite numerically, a unit load is applied
successively in the ﬁll and warp directions to the twounit-cell model, as illustrated in Fig. 6(a). The loading is
held for a short duration of time (10 min) at a constant
temperature. The strain history is then recorded and
plotted on the reduced time domain using the experimentally determined shift factors given by Eq. (1). The
procedure repeats for diﬀerent temperatures ranging from
25 to 170 C, thus forming the master compliance curves
for the composite at reference temperature T=30 C.
Predicted master curves are compared with experimental data in Figs. 7 and 8, for the ﬁll and warp
directions, respectively. To ascertain the importance of
bundle response in predicting the creep behavior of the
composite, an extreme case in which the bundles are
purely elastic (no relaxation) is also simulated. Shrotriya
and Sottos [12] also predicted the creep compliance for
the same composite using a 2-D plane–strain viscoelastic ﬁnite element model to model the cross-section of
the lamina (see Fig. 3). The thickness of the longitudinal
bundle was adjusted to preserve the corresponding
bundle volume fraction of the real composite. The 2-D
results are also plotted in Figs. 7 and 8 to compare with
the 3-D predictions.

Fig. 7. Comparison between measured and predicted creep compliances in the ﬁll direction. Reference temperature=30 C.

Table 5
Elastic compliance of the composite in the warp direction calculated
using diﬀerent models
Model

Element
type

Number of Number of Compliance
elements
nodes
(GPa)

Two-unit-cell Eight-node brick 6432
Four-unit-cell Eight-node brick 12 864
Two-unit-cell 20-node brick
6432

7486
14 543
28 831

0.04266
0.04227
0.04297

Fig. 8. Comparison between measured and predicted creep compliances in the warp direction. Reference temperature=30 C.
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the predicted curves exhibit signiﬁcant relaxation. This
fact evidently reveals the dominant role of bundle
viscoelastic response in the creep behavior of the
composite.
When the viscoelastic bundle response is incorporated
in the model, the predicted curves obtained by the 3-D
model capture the general trends and magnitudes of the
experimental data. However, the time dependence
(retardation spectrum) of the numerical predictions and
experimental data are clearly diﬀerent. In the transition
region, the numerical model underestimates the creep
compliance in both the ﬁll and warp directions. Moreover, the predicted curves seem to relax slower than the
experimental ones.
The 3-D model predicts lower creep compliance than
the 2-D model over the entire relaxation regime of the
composite in both the ﬁll and warp directions. Furthermore, the deviation between these two predictions
increases when the material approaches the fully relaxed
regime. The fully relaxed compliance predicted by the
2-D model is about twice as large as the experimental
data in both the ﬁll and warp directions. The 3-D
model, however, captures the fully relaxed compliance
in the ﬁll direction, but underestimates the fully relaxed
compliance in the warp direction. Overall, the 3-D
model shows better agreement with experimental observations. The comparisons between 2-D and 3-D results
indicate a strong 3-D eﬀect in the woven composites due
to the complex woven architecture and the constraint
between the interlaced bundles.
To provide some insight into the time-dependence
behavior of the composite, we compare, in Fig. 9, the
normalized values of the numerical and experimental
creep compliances of the matrix and composite. The
numerical results are obtained using the 3-D model with
viscoelastic bundle response. The normalized compliance Cnormalized is calculated from the unrelaxed
(elastic) value C u and the equilibrium (fully relaxed)
value C1 by
Cnormalized ¼

CðtÞ  C u
C1  Cu

ð23Þ

As discussed earlier, the bundle viscoelastic response
is calculated based on the matrix properties, thus they
both have the same retardation spectrum. As clearly
shown in Fig. 9, the time dependence of the composite is
diﬀerent from that of the matrix and bundles. The
experimental observations indicate that the composite
relaxes faster than its individual components, i.e. the
matrix and bundles. Furthermore, the relaxation
appears to take place faster in the warp direction than in
the ﬁll direction. These two phenomena are both captured by the 3-D model.
It is well known that the surface of a reinforcement or
ﬁller has a measurable eﬀect on the molecular and segmental mobility of a polymer matrix [22]. As a result,

Fig. 9. Normalized creep compliances of the matrix and woven
composite.

the mechanical properties and relaxation may be inﬂuenced by the presence of the reinforcement. Several
researchers have observed diﬀerences in the relaxation
or retardation spectra of a polymer matrix composite
compared with that of the neat resin. Lipatov et al. [23]
was among the ﬁrst to report changes in the relaxation
time spectral of ﬁlled polymer systems as a function of
ﬁller concentration. The average relaxation time of ﬁlled
samples was shifted over two decades in time from
unﬁlled samples. This shift was attributed to a selective
sorption of one of the epoxy components on the ﬁller
surface before hardening. A surplus of the other component acted as plasticizer, causing a reduction of elastic modulus and a change in the relaxation behavior of
the ﬁlled system. Similarly, Crowson and Arridge [24]
observed a change in glass transition temperature
between ﬁlled and unﬁlled epoxy systems. More
recently, Palmese and McCullough [25] showed that a
stoichiometric imbalance of epoxy resin and amine curing agent develops near ﬁber surfaces. For amine concentrations both above and below the stoichiometric
point, the glass transition temperature of the polymer in
that region was substantially reduced. Interferometric
measurements reported by Sottos and Swindeman [26]
for the same epoxy system indicated that a reduction in
glass transition temperature near the ﬁber interface signiﬁcantly inﬂuenced the time dependence of thermal
deformations near the ﬁber surface.
Sullivan et al. [27] measured the retardation spectra of
two diﬀerent epoxies and their composites. They
demonstrated that within the unrelaxed (glassy) and
adjacent transition region, the spectra of the matrix and
composites are similar to each other within a multiplicative constant, The presence of ﬁbers alters only the
magnitude component of the retardation spectrum but
not the retardation time distribution component. However, at longer times, ﬁbers are expected to aﬀect the
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viscoelastic spectra of a resin system. They showed that
the peak of the retardation spectra of the composite was
shifted from that of the matrix because the presence of
ﬁbers suppresses the longer time retardation mechanisms of the matrix. But these changes are unable to be
captured by the viscoelastic micro-mechanical relation.
Given the high volume fraction of ﬁbers in the bundles (approximately 75%), there is an increased probability for surface eﬀects to dominate the viscoelastic
response. Motivated by the shifts reported by Sullivan
et al. [27], we modiﬁed the bundle response by shifting
its peak relaxation spectrum to the left by two decades.
The normalized initial and modiﬁed relaxation moduli

9

of the bundle are shown in Fig. 10, and its material
constants are listed in Table 6. As illustrated in Fig. 11,
the predicted creep compliance curves obtained using
the modiﬁed bundle response are in much better correlation with experimental observation. From the unrelaxed regime up to the transition region before 107 min,
the numerical predictions agree with the experimental
data very well. A similar shift in the relaxation spectrum
for the entire matrix (not just in the bundles) results in a
poor correlation with experimental measurements.
Although not conclusive, the comparison presented in
Fig. 11 indicates that the presence of the ﬁber surface
does inﬂuence the local mobility of the polymer matrix
in the bundle region and provides motivation for further
experiments to explore this exciting development.
6.2. Deformation ﬁeld
Fig. 12 plots the deformed shape of a repeating unit
when applying a uniformly distributed load of 3 GPa
along the warp direction at 27 C for 10 min. The
numerical results are obtained using the modiﬁed viscoelastic bundle response. Unlike traditional laminated
composites, woven composites do not exhibit a uniform
strain distribution under a uniform applied load.
Furthermore, as evidently shown in Fig. 12, the crimped
bundles tend to straighten out under tension, causing
large out-of-plane warpage in the lamina. The magnitude
of the out-of-plane displacement is found to be of the

Fig. 10. Normalized initial and modiﬁed relaxation moduli of the
bundles.

Fig. 11. Comparison of the experimental and predicted creep compliances of the plain weave composite. The symbols correspond to
experimental data, and the curves represent the numerical results. The
peak of relaxation spectrum of the bundles has been shifted to the left
by two decades in the numerical simulation.

Table 6
Relaxation times and weight factors used in Eq. (5) for the modiﬁed
bundle response
!

l! (min)

W!

1
2
3
4
5
6
7
8
9
10

5.32
3.61e2
5.39e3
2.53e4
1.91e5
1.46e6
7.70e6
4.25e7
2.16e8
1.93e9

0.1483
0.1425
0.1547
0.2165
0.1891
0.0513
0.0445
0.0327
0.0064
0.0063

Fig. 12. Deformed shape of a repeating unit loaded along the warp
direction. The boundary conditions are described in Fig. 6(b).
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Fig. 13. Comparison between numerical and experimental displacement ﬁelds for a specimen loaded along the warp (Y) direction at 27 C for 10
min: (a) numerical V ﬁeld, (b) moiré V ﬁeld.

same order as the displacement in the loading direction.
Loading in the ﬁll direction shows similar deformation
pattern.
The inhomogeneity of the deformation ﬁeld is further
demonstrated in contour plot of displacement over the
repeating unit. The numerical in-plane displacement
ﬁeld is compared with the moiré image reported by
Shrotriya and Sottos [12,13] in Fig. 13. The moire image
represents the deformation of a unit cell at the center of
a specimen when loaded along the warp direction at
27 C for 10 min. The numerical contour plot presents
the deformation ﬁeld of a repeating unit when loaded
directly on its surface [see Fig. 6(b)] under the same time
and temperature. As shown in Fig. 13, except for the
region near the edge where the uniform load is applied,
the shape of the contours further away from the loading
edge is similar to that of the moire image. In the region
far from the loading edge, the V deformation is symmetric about the centerlines of the repeating unit. The
symmetry of the deformation follows from the symmetric architecture of the repeating unit. The V deformation contours are close together in the center and
corners of the repeating unit where the (ﬁll) ﬁbers
aligned to the transverse direction are closest to the
surface and are spaced apart at the midpoints of the
edges where the longitudinal ﬁbers are closest to the
surface.
Deformation ﬁelds in the cross section of the composite are presented in Figs. 14 and 15 for loading along

the warp and ﬁll directions, respectively. The numerical
contour shape and distribution are quite similar to those
of the moire fringes obtained in [12,13]. The contour
patterns are characteristic of deformation associated
with bending loads. These results indicate that, even
under uniaxial tensile load, the unit cell is subjected to
localized bending. Bending moment in the unit cell
develops due to the undulations of ﬁbers aligned in the
loading direction. Furthermore, the symmetric nature of
the pattern indicates that the neighboring unit cells are
subjected to equal and opposite bending moments.
Therefore, the total bending moment over the repeating
pattern is zero in accordance to the moment equilibrium
equations for the whole specimen. The contour and
fringe patterns corresponding to the warp direction
specimens are sparse in comparison with those for the
ﬁll direction due to lower crimp angle.
In each pair of comparable displacement ﬁelds at a
given temperature [for instance, (a) vs. (c) and (f) vs. (h)
in Fig. 14], each contour represents an equal increment
in displacement. In the plots for both warp and ﬁll
direction specimens, the number of contours in the periodic pattern increases with increasing temperature,
indicating the increase in total deformation due to
relaxation of the composite. Furthermore, the contours
for the displacement ﬁeld along the loading direction (V
for warp and U for ﬁll) show higher inclined angles at
higher temperature, indicating the increased nonhomogeneity in the deformation.
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Fig. 14. Comparison between numerical and experimental displacement ﬁelds for a specimen loaded along the warp (Y) direction for 10 min:
(a) numerical V ﬁeld at 27 C, (b) moiré V ﬁeld at 27 C, (c) numerical V ﬁeld at 80 C, (d) moiré V ﬁeld at 80 C, (e) composite microstructure,
(f) numerical W ﬁeld at 27 C, (g) moiré W ﬁeld at 27 C, (h) numerical W ﬁeld at 80 C, (i) moiré W ﬁeld at 80 C.

Fig. 15. Comparison between numerical and experimental displacement ﬁelds for a specimen loaded along the ﬁll (X) direction for 10 min:
(a) numerical U ﬁeld at 27 C, (b) moiré U ﬁeld at 27 C, (c) numerical U ﬁeld at 80 C, (d) moiré U ﬁeld at 80 C, (e) composite microstructure,
(f) numerical W ﬁeld at 27 C, (g) moiré W ﬁeld at 27 C, (h) numerical W ﬁeld at 80 C, (i) moiré W ﬁeld at 80 C.

7. Conclusions
A 3-D viscoelastic model is utilized to predict the
creep compliance of the 7628 style composite substrate
for multilayer circuit board applications. The model is
able to capture the initial unrelaxed compliance of the
composite quite accurately. Comparisons of the model
predictions with experimental data clearly indicate that
the creep compliance of the composite is dependent not
only on the relaxation of the matrix, but also on ﬂexural
deformations of the woven fabric bundles, and that the
response of the bundle plays a major role in the visco-

elastic behavior of the composite. Comparisons between
3-D and 2-D results obtained in [12] show a strong 3-D
eﬀect in the woven composites due to the complex
woven architecture. Predictions approximate the general trends of experimental curves but do not accurately match the fully relaxed compliance and the
retardation spectrum of the compliance curves. Diﬀerences are due to micro-mechanical relations for
approximating the bundle relaxation spectrum. In order
to predict the viscoelastic response of woven composites, an accurate calibration of the bundle relaxation
spectrum is necessary.
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The inhomogeneity of the deformation ﬁeld is
demonstrated in contour plots of displacement over the
repeating unit, and its pattern agrees with experimental
observation. The deformation ﬁelds over the cross-section of the composite indicate that neighboring unit
cells are subjected to equal and opposite bending
moments even when the composite is loaded in uniaxial
tension. The total deformation and the inhomogeneity
in the deformation ﬁeld of the composite increase with
the increasing temperature. But the general shape and
distribution of the contours remain similar, indicating
that the deformation mechanisms of the composite do
not change with the relaxation of the matrix, within the
temperature range investigated.
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Appendix. Micro-mechanical relations based on
self-consistent ﬁeld
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The generalized self-consistent ﬁeld equations for
longitudinal modulus, major Poisson’s ratio, in-plane
shear modulus, bulk modulus, and transverse modulus
are taken from Ref. [28]. The relation for the transverse
shear modulus is taken from Ref. [29].
. Longitudinal Young’s modulus (E1):

E1 ¼ ELf Vf þ Em ð1  VÞ
þ

4ð LTm  LTf Þ2 KTf Km GTTm ð1  Vf ÞVf
ðKTf þ GTTm ÞKTm þ ðKTf  KTm ÞGTTm Vf

and
ðA1Þ
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þ
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þ
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TTf
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. Plane-strain bulk modulus (K23):

. Poisson’s ratio (v12):
12

m ¼ 3  4

 VÞ

ð LTm  LTf ÞðKm  KTf ÞGTTm ð1  Vf ÞVf
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K23 ¼
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ðKTf  Gm ÞKm þ ðKTf  Km ÞGm Vf
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. Transverse Young’s modulus (E2):
. In-plane shear modulus (G12):

G12

ðGLTf þ Gm Þ þ ðGLTf  Gm ÞVf
¼ Gm
ðGLTf þ Gm Þ  ðGLTf  Gm ÞVf

. Transverse shear modulus (G23):
 2
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G23
þ2B
þC¼0
A
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Gm



ðA3Þ

ðA4Þ

2
1
1
þ
E2 ¼
þ 12
4k 4G23 E1

1
ðA10Þ

In the relations above Ep, Gp, Kp, vp, and Vp are
Young’s modulus, shear modulus, bulk modulus, Poisson’s ratio, and volume fraction, respectively, and p=m
or f for matrix and ﬁber.
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